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Abstract. The variational autoencoder (VAE) [34,15] is a popular,
deep, latent-variable model (DLVM) due to its simple yet effective for-
mulation for modeling the data distribution. Moreover, optimizing the
VAE objective function is more manageable than other DLVMs. The
bottleneck dimension of the VAE is a crucial design choice, and it has
strong ramifications for the model’s performance, such as finding the hid-
den explanatory factors of a dataset using the representations learned by
the VAE. However, the size of the latent dimension of the VAE is often
treated as a hyperparameter estimated empirically through trial and er-
ror. To this end, we propose a statistical formulation to discover the
relevant latent factors required for modeling a dataset. In this work, we
use a hierarchical prior in the latent space that estimates the variance of
the latent axes using the encoded data, which identifies the relevant la-
tent dimensions. For this, we replace the fixed prior in the VAE objective
function with a hierarchical prior, keeping the remainder of the formu-
lation unchanged. We call the proposed method the automatic relevancy
detection in the variational autoencoder (ARD-VAE). We demonstrate
the efficacy of the ARD-VAE on multiple benchmark datasets in finding
the relevant latent dimensions and their effect on different evaluation
metrics, such as FID score and disentanglement analysis.

Keywords: Variational autoencoders - Automatic relevancy detection -
Intrinsic dimensions.

1 Introduction

Deep latent variable models (DLVMs) have emerged as powerful tools for mod-
eling data distributions, generating novel examples from a distribution, and
learning useful encodings for downstream applications. Many deep latent vari-
able models have been proposed, including the variational autoencoder (VAE),
adversarial autoencoder (AAE) [24], Wasserstein autoencoder(WAE) [43], and
diffusion-based models [40,11]. Besides the unsupervised representation learn-
ing [15,24], the latent mappings produced by DLVMs find potential application
in semi-supervised [15, 18], weakly supervised [44,45] and few-shot learning [39,
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23, 8]. Moreover, the quality of the generated samples produced by the diffusion
probabilistic models [40, 11] is comparable to state-of-the-art (SOTA) GANs [13].
All these properties make DLVMs an important and active area of research.

Among DLVM approaches, the VAE [34,15] has a strong theoretical foun-
dation that uses wvariational inference to approximate the true posterior by a
surrogate distribution. The VAE uses a inference/recognition model to estimate
the parameters of the surrogate posterior distribution in an amortized framework
(shared parameters). The use of the reparameterization trick in VAEs leads to
efficient optimization of the lower bound on the data log-likelihood. In addition,
it is simple to train a neural network with the VAE objective function relative
to the AAE [24] and WAE [43](due to the use of the discriminators in these
models). These advantages have made the VAE a popular DLVM, which has
even helped in progressing basic science research (7,29, 31]. However, the VAE
often fails to match the aggregate distributions in the latent space (manifested
by pockets/holes in the encoded distribution) [35, 3] and suffers from posterior
collapse (uninformative latent variables) [12,21,20]. Several methods have been
proposed for better matching of marginal posteriors [14,41, 36] and to alleviate
posterior collapse [30, 32]

In DLVMs, we generally assume that the observed data existing in a high di-
mensional space (R”), such as images, can be represented by a low dimensional
manifold (R™) embedded in that space, where M << D. The size of the man-
ifold, aka intrinsic data dimension, can be interpreted as the number of latent
factors used to produce the observed data (ignoring the noise). The bottleneck
size of DLVMs represents the intrinsic data dimension. However, the true in-
trinsic dimension is generally unknown for real-world datasets, and finding the
correct dimension remains an open and challenging problem. Studies have shown
that incorrect bottleneck dimensions of DLVMs result in inaccurate modeling of
the data distribution, which subsequently affects the interpretation of the la-
tent representations produced by a DLVM [43, 3]. However, only a few methods
[26, 4] have addressed this problem in DLVMs. For instance, the MaskAAE [26]
introduces a trainable masking vector in the latent space of a deterministic au-
toencoder (used in [24,43]) to determine the number of active dimensions. In
[4], the authors apply a Lg regularization on the masking vector to prune unnec-
essary dimensions in the VAE. In both methods, additional regularization loss
is added to the primary objective function with associated hyperparameters. It
is observed that the proposed methods are sensitive to the choice of the neural
architecture architectures and settings of the hyperparameters used in the ob-
jective function. Thus, the methods are useful only with certain architectures or
training strategies and do not generalize well to different scenarios.

Considering the importance of the bottleneck dimension in the VAE and lim-
itations in the existing methods, we propose a method to determine the relevant
latent dimensions for a dataset using a hierarchical prior [22,42] introduced in
[28], where the prior distribution, p(z), is dependent on another random vari-
able, a, a hyperprior. In the proposed statistical formulation, the hierarchical
prior distribution is defined as p(z | &), where a estimates the precision of the
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latent dimensions using encoded data. The variance (') along the latent axes
is used to determine the relevant latent factors required to represent a dataset,
such that the unwanted latent variables, through training, obtain very low vari-
ance. Thus, the ARD-VAE introduces a natural extension to the fixed prior used
in the VAE that is flexible and is learned from the data. Unlike other approaches
[26, 4], we do not modify the ELBO objective of the VAE, except the use of the
hierarchical prior. Following are the contributions of this work:

— We propose the ARD-VAE to discover relevant axes in the VAE using a
hierarchical prior without modification of the ELBO in the VAE.

— The ARD-VAE is insensitive to the choice of the autoencoder architecture
and optimization strategies.

— Empirical evaluations demonstrate the effectiveness of the ARD-VAE in
modeling data distributions and finding relevant generative factors.

2 Related Work

VAEs often fail to match the aggregate posterior that subsequently affects the
modeling of the data distribution [35, 3,37]. Matching the aggregate posterior
also makes the latent dimensions independent, thus encouraging disentanglement
of the latent factors [16, 14, 41]. The regularized autoencoder (RAE) [5] estimates
the aggregate encoded distribution (using an ex-post density estimator) to model
the data distribution, where it replaces the stochastic autoencoders used in VAEs
with its deterministic counterpart. All these analyses encourage the matching of
aggregate distribution in VAEs as done in other DLVMs, such as the AAE [24]
and WAE [43], to improve the performance of the model. In this work, we study
the dimensionality of the original VAE formulation (which matches conditional
distributions to the prior), with the understanding that it applies readily to
aggregate-matching methods.

The mismatch between the size of the bottleneck dimension (chosen in VAESs)
and the intrinsic data dimension is shown to be a critical factor in designing a
VAE. A detailed analysis of the effect of mismatch between the dimensions is
done in [3], which elucidates the importance of finding the correct size of the
latent space. Finding the intrinsic data dimension is important for any DLVM
[43] and is not unique to VAEs.

A few methods have been proposed in the recent past to address this issue;
one is designed for VAEs [4] and the other one for AAEs [26]. The method in [4]
(referred to herein as GECO-Lo-ARM-VAE) introduces a boolean gating vector
(matching the bottleneck dimension) to find the cardinal latent axes required for
modeling a dataset in VAEs. The latent encodings are combined with the shared
gating vector (using the element-wise product) to optimize the ELBO objective
function of the VAE. To encourage sparsity in the gating vector, the authors
have augmented the ELBO with a Ly regularization loss on the gating vector.
However, optimization of the Ly loss using gradient descent is challenging, and
it uses the Lo-ARM [17] to update the gradients. To make the effect of the
regularization of the latent representations more interpretable to the users, they
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use a threshold for the reconstruction loss, as in [33]. In optimizing the objective
function of the GECO-Ly-ARM-VAE, the parameters of the gating vector are
updated after the desired reconstruction loss is achieved, i.e., after the model
parameters have learned sufficient statistics of the data. After that, all model
parameters are trained jointly.

The MaskAAE [26] uses a trainable masking vector similar to [4] to deter-
mine the relevant latent dimensions. Unlike the method in [4], the MaskAAE is
designed for the AAE [24] and WAE [43] that uses deterministic autoencoders
and matches the aggregate (or marginal) posterior to the prior. The Haramard
products of the latent encodings with the global masking vector are used as in-
puts to the decoder and discriminator. The masking vector is initialized with
continuous values for gradient updates. A regularization loss, the masking loss,
is added to the objective function of the AAE, along with an additional loss
term to the reconstruction loss.

Both the GECO-Lyp-ARM-VAE and MaskAAE use a lot of hyperparameters
and different initialization strategies, which are most likely to be sensitive to neu-
ral architectures and other optimization settings. The MaskAAE uses a complex
training recipe to optimize different loss functions and update hyperparameters.
Thus, the typical settings used in both methods raise questions about using
the methods on new datasets, which might require changes in the VAE/AAE
architecture. In contrast, the proposed method has a single hyperparameter to
balance the reconstruction and regularization loss in the objective function (sim-
ilar to any DLVM). Furthermore, it is flexible enough to be used with virtually
any VAE architecture and, thus, can be trained on any new dataset.

3 Automatic Relevancy Detection in the Variational
Autoencoder

3.1 Background

The VAE is a generative model that approximates the unknown data distribu-
tion, p(x), by learning the joint distribution of the latent variables, z, where z €
R, and the observed variables, x,where x € R”. The VAE maximizes the
lower bound on the data log likelihood in 1, known as the evidence lower bound
(ELBO),

o By [ gy ) log (po(x | 2) ) — KL (a5(2 | )[p(z) ). (1)

VAEs use a probabilistic encoder, E4, and a probabilistic decoder, Dy, to
represent ¢,(z | x) and, pg(x | z), respectively. Both E, and Dy are usually deep
neural networks parameterized by ¢ and 6, respectively. The prior distribution,
p(z), is chosen to be A (0,I) and the surrogate posterior is a Gaussian distri-
bution with diagonal covariance (under the assumption of independent latent
dimensions), which is defined as follows:

467 | X) = N (11, 021) , where iy, 02 < By (x). (2)
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The choice of the Gaussian distribution as the posterior, g4(z | x), helps in
efficient computation of the Ey, ,x)pe(x | z) using the reparameterization trick
introduced by the VAE,

Z 4 fy + €O 0x,e~N(0,I) and z representing samples from g4(z | x). (3)

Moreover, we have a closed form solution for the KL divergence between Gaus-
sian distributions in 1. The multivariate Gaussian distribution or Bernoulli distri-
bution is used as the likelihood distribution, pg(x | z). The VAE jointly optimizes
the parameters of the E4 and Dy using the objective function in 1, under the
modeling assumptions discussed above.

3.2 Formulation for Relevance-Aware Prior

In this paper, we propose a statistical formulation to determine the number of
relevant latent axes for a dataset using a given encoder-decoder architecture.
To this end, we allow the prior distribution, p(z) (a Gaussian), to have differ-
ent variance along each latent axis, represented by another random variable o,
which forms a hyperprior. Under this setting, the latent axes with high variances
should represent important latent factors and unnecessary latent dimensions are
expected to exhibit relatively low variances. To this end, we use a hierarchical
prior [28,22] on independent latent dimensions (as in VAEs) defined as,

L

bz @) = [N (20,07 @)
121

pla) = HGamma(al; al, bY). (5)
=1

where a;l is the variance along latent axis [. The distribution over the indepen-
dent precision variable () is chosen as the associated conjugate prior, which is
the Gamma distribution.

The parameters of the Gamma distribution are estimated analytically using
data in the latent space, D,, produced using the posterior distribution of the
VAE estimated by the encoder, Ey4 (refer to algorithm 1 in the appendix). Thus,
the distribution over a conditioned on data, D, is defined as p(a | D). In this
limited context, p(a | D,) can be interpreted as a posterior distribution, which
is x p(Dy | a)p(ex). Given p(ax) as the Gamma distribution (prior), the posterior
p(a | D) is also a Gamma distribution (conjugate prior) when p(D, | &) is a
Gaussian distribution (likelihood). The parameters of p(a | D) can be derived
analytically for each latent axis independently. The parameters of p(cy | D)
for each axis for a given mean pu® € R (mean of the likelihood distribution,
p(D, | @v)) are [27]:

n
ai :a?+§7 (6)
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ni 002
bl:b?+w7 (7)

where n is the number of samples in D, and z* € D,. The parameters of the
Gamma distribution for all the latent axes are denoted by a;, and by,.

With the introduction of data, D,, the hierarchical prior distribution in 4
(p(z | @)) is modified to p(z | e, D). The new distribution can be factorized
as p(z | a,D,) = p(z | a)p(ex | D,). For optimization of the ELBO objec-
tive in 1, we need to remove « from p(z | a, D,). The hyperprior a is re-
moved by marginalization (as in 8), and that integration results in a Student’s
t-distribution for each latent variable, as shown in 9 (please refer to exercise 2.46
of [1]). The Student’s ¢-distribution encourages sparsity in the latent variable z
(refer to section 5.1 in [42]). The degrees of freedom, v; (10), and t-statistics, ¢
(11), of the ¢-distributions are linear functions of the parameters of the Gamma
distribution used for modeling a (defined in 6 and 7).

oz D) = [ pla| )pla| Da)da ®)
L 1 I VL;-1 ) 2 —(n+1)/2

p(Z|DZ):l1:[151\/WF(”21)(1+II/l> , 9)

where, v, = 2% q (10)

£ = (Zlbl—/zl) (11)

s1=/bi/a. (12)

(13)

With the marginalized distribution, p(z | D,) (target distribution in VAEs), we
can optimize the KL divergence term in the ELBO objective function in 1. Thus,
the objective function of the ARD-VAE is defined as follows:

By [Eq i) 108 (po(x | 7)) = KL (002 | )l p(z | Do) ] (14)

The objective function of the proposed method did not modify the ELBO
derivation used in the conventional VAE [34], except the use of the hierarchical
prior distribution. Unlike methods in [26,4], we do not add a regularizer to the
objective function in 1 to determine the relevant axes. The number of samples
in the set D, gives us the degrees of freedom, v, of the Student’s ¢-distribution
in 9. The t-distribution is approximately the Gaussian distribution for higher v,
which allows for a more efficient, analytical expression for the KL-divergence as
in 15. Thus, the proposed formulation supports optimization of the ELBO under
different scenarios, depending on the size of D,.

3.3 Training the ARD-VAE

In addition to the reconstruction loss, the objective function of the ARD-VAE
(defined in 14) has a KL-divergence loss for matching the conditional posterior,
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gs(z | x), to the target, p(z | D,). The parameters of the target distribution,
p(z | D,) (in 10 and 11), are dependent on the parameters of p(a | D,) (in 6 and
7), which are learned from data. Thus, the ARD-VAE requires sample data to
optimize the objective function in 14 and learn the parameters of the hyperprior
distribution (in 6 and 7). To address this issue, the training data, X'tyqip is split
into X44q and X4, such that | Xo |<| Xsga |- The set Xg4q4 is used to produce
minibatches for optimization of the ARD-VAE objective function in 14. Samples
in X4 are used to estimate the parameters, aj, and by, of p(a | D,) using the
data D, produced by the algorithm 1 (refer to the appendix).

The update of the dataset, D, is set to lag for a few minibatches, as its
update in every minibatch (an ideal scenario) would change the prior(/target)
distribution in the KL divergence term in 14, leading to optimization challenges.
The lagging D, gives stability to the optimization of the ARD-VAE objective
function. Moreover, the delayed update of D, offers computational benefits.
Using samples in the D,, the parameters of p(a | D,) are updated using 6
and 7. In our work, we set @) = 0 and b = 0 (uninformative) as in [42]. The
mean vector u® used in 7 is also set to 0. Under this configuration, a? is fixed
(samples size of D) and only b? is modified using the latest D,.

VAEs are trained in an unsupervised framework, having access to a large
amount of data. Thus, the prior distribution can be approximated as a Gaussian
distribution using sufficient samples in D,. With p(z | D,) as an approximate
Gaussian distribution, the KL divergence in 14 results in

L L L
L 12 2 12 o 1 Z pi+ o}
7575271 IOgO'Z +§zil 10g0’1 +§’Lil TZQ, (15)
where p1,0? < E4(x),x € X554 and

6% = br/ar,ar and by, are estimated using the latest D,.

In this work, we use the closed-form expression of the KL divergence in
14. However, one can still use the Student’s ¢-distributions in 9 as the prior
distribution. In that scenario, one would use samples from g4 (z | x) to compute
the KL divergence loss in 14.

To balance the loss terms in the ARD-VAE objective function, we introduce
a hyperparameter 8 as in [10], and the modified objective function is

e B )| By aie) 108 (po(x | 2)) — BKL(g0(2 | 0)lIp(z| D)) |- (16)

We tune [ to achieve the desired reconstruction loss on the validation data.
The outline of training the ARD-VAE is detailed in the algorithm 2 in the
appendix. For practical purposes, D, is updated after every epoch (up, = 1
in the algorithm 2 in Appendix) with a new subset of training samples, Xq.
Therefore, the SGD samples, X350 = Xtrain — X, are also updated in the
process. The typical size of | X, |= 10K for all the datasets studied in this work
(please see the ablation study in the Appendix).
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3.4 Determining the Relevant Axes

The ARD-VAE does not use a trainable masking vector as in [4,26] to deter-
mine the relevant axes. Instead, it relies on the precision of the latent axes, a,
to identify the spurious dimensions after the model is trained to convergence.
The estimated variance is computed using the parameters, a; and by, of the
hyperprior distribution p(e | D,),

&zsz/aL. (17>

As shown in Fig. 1(a, b), the estimated variance for the collapsed dimensions (no
effect on the decoder output) has relatively low but non-zero values. Moreover,
we observe variations in the estimates across latent dimensions in Fig. 1(a).
Thus, the choice of a threshold or the percentage of variance (used in PCA) for
selecting relevant dimensions that works under different scenarios is non-trivial.

For axes that are not relevant to the reconstruction, we have observed that
the decoder produces virtually no variability in output in response to deviations
along these axes. This is consistent with the fact that these axes are not being
used for reconstruction. This motivates us to consider the deviation of the output,
% € RP (produced by the decoder Dy), with respect to the mean representation,
ty € RE(py + Ey4(x)), as the measure of relevance. We leverage this idea to
find a weight vector ws € R for better estimation of the relevant axes. The
weight vector wg is computed as follows:

D 1 N

wo =3 = IR, (18)
k=1 i=1

ox (553

here J = | — .. 2=
where [3/11 i

} e RP*L is the Jacobian matrix.

To get a reliable estimate of the weight vector ws using 18, we compute the
Jacobian for multiple data samples, which is typically the size of a minibatch
(100) in this work. The weighted estimated variance defined as

=Wws © &2 (19)

~2
Ow

— MNIST(L=16) —— MNIST (Run = 1) — MNIST (L= 16)

— MNIST(L=32) \ — MNIST (Run = 2) — MNIST (L=32)

— MNIST (L =64) * — MNISTRIN=3) | g — MNIST (L= 64)

—— MNIST (L= 128) \ —— MNIST (Run = 4) —— MNIST (L =128)
\\ MNIST (Run = 5)

— o
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Latent dimensions Latent dimensions

60
Latent dimensions
(a) Estimated variances for different latent sizes (b) Estimated variances for L=32 with different initializations (c) Relevance scores for different latent sizes

0 20 0

Fig. 1. The estimated variances on the MNIST dataset using 17 (a) for different latent
sizes and (b) with different initialization for L = 32. (c) The relevance scores computed
on the same models using 19.
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gives us the relevance score that is used to determine the relevant axes of the
ARD-VAE. The relevance score squashes the variance for the spurious latent axes
(removes noise) and relatively scales the variance of the relevant dimensions, as
shown in Fig. 1(c), and the scores for different Ls are almost similar. Thus, &2,
is better suited to find the relevant/necessary dimensions using the percentage-
based approach, typically explaining 99% of the variance in &3‘, for this work.
The importance of latent axes estimated using 18 can also be used to determine

the relevant axes of a trained VAE and its variants.

4 Experiments

The motivation of the ARD-VAE is to determine the intrinsic dimensions of a
dataset in the VAE. Finding the relevant latent axes helps in improving the mod-
eling of the data distribution. Thus, it is important to compare the learned data
distribution with the true distribution. In addition, it would be interesting to ex-
amine whether the relevant dimensions identified by the ARD-VAE encode any
meaningful information. This is related to the disentanglement analysis studied
with VAEs [10, 16, 41, 14], where we aim to find whether the relevant latent axes
that can explain variability in the observed data.

Evaluation Metrics : Comparison of the model’s data distribution and
the true but unknown data distribution is challenging, and several methods have
been proposed to compare distributions [38,9]. We use the Fréchet Inception
Distance (FID) [9] to quantify the quality of the samples produced by a model.
In the disentanglement analysis, we evaluate whether the latent dimensions of
a DLVM represent true generative factors of the observed data. In an ideal
scenario, each latent axis must correspond to a single generative factor. We
consider two popular metrics, (i) the FactorVAE metric [14] and (ii) the mutual
information gap (MIG) [41] in our analysis.

Datasets : We use multiple benchmark datasets for the evaluation of dif-
ferent DLVMs using several metrics discussed above. Samples in the MNIST,
CelebA, and CIFAR10 datasets are used to model the corresponding data dis-
tributions. We follow the standard (train, test) split of the data as reported in
the literature. The DSprites [25] and the 3D Shapes [2] datasets are specially
curated for the disentanglement analysis, where we know the true generative
factors. This helps in quantifying the disentanglement in the learned latent rep-
resentations. Moreover, the number of relevant axes estimated by the ARD-VAE
for the DSprites [25] and 3D Shapes [2| can be compared with the number of
known true generative factors of these datasets.

Competing Methods : We consider the GECO-Ly-ARM-VAE [4] and
MaskAAE [26] in our analysis, which are developed to find the intrinsic data
dimensions in DLVMs. To demonstrate the efficacy of the ARD-VAE over other
SOTA DLVMs, we use the baseline VAE [15], -TCVAE [41], RAE [5], WAE
[43], and DIP-VAE [16] in our study.

Implementation Details : Different neural network architectures and
model-specific hyperparameters are used for training a DLVM, depending on
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the complexity of the data. For a fair comparison of the competing methods,
we fix the number of latent dimensions, neural network architecture, and opti-
mization settings (such as the learning rate, learning rate scheduler, epochs, and
batch size) for a dataset. Details of the neural network architectures and related
hyperparameter settings used in training different models on the benchmark
datasets are reported in the Appendix. All models are trained with 5 different
initialization seeds for every dataset studied in this work.

4.1 Results

Evaluation of the Learned Data Distribution: In this analysis, we train
different DLVMs matching the conditional posterior (used in the baseline VAE
and its variants) or aggregate posterior (used in WAE) to the prior using the
encoder-decoder architectures reported in the Appendix. The RAE method, un-
like VAEs, produces a deterministic latent encoding with associated regular-
ization (i.e., L2) on the latent parameters. The method then uses a Gaussian
approximation to the distribution of samples in the latent space. Due to its ef-
fective regularization strategies and favorable results, we consider the RAE to
be important for comparison. In addition, we evaluate the performance of the
MaskAAE and GECO-Lyp-ARM-VAE, which are designed to find the intrinsic
dimension of a dataset using different DLVM frameworks. In this study, we con-
sider the standard encoder-decoder architecture reported in the literature [43, 5]
for training models on MNIST, CelebA, and CIFAR10 datasets. The initial la-
tent dimensions used for the MNIST, CelebA, and CIFAR10 datasets are L = 16,
L = 64, and L = 128, respectively [5]. The motivation of this analysis is to exam-
ine whether the proposed ARD-VAE is able to find the relevant axes required for
modeling a dataset using the standard SOTA encoder-decoder architectures and
to examine how close the learned data distribution is to the true distribution.
The estimated variance in 17 is used to generate samples for the ARD-VAE. Be-
sides, the FID scores of the generated samples, reported as GEN-FID, we report
the FID scores of the reconstructed samples as REC-FID. The number of latent
dimensions used by a method to reconstruct/generate samples are reported as
AcTIVE. Using the importance of the latent axes estimated using 18, we deter-
mine the relevant axes for the VAE, S-TCVAE, RAE, and WAE that are used
for model evaluation (refer to the appendix for this result).

The average FID scores (along with the standard deviations) of different
methods are reported in Table 1, where all the models are trained with 5 differ-
ent initialization of the trainable parameters. The relevant dimensions estimated
by the ARD-VAE are consistently less than the initial (or nominal) dimension L
for all the datasets. We have no knowledge of any "ground truth" intrinsic dimen-
sion for these datasets. Instead, we rely on comparisons with empirically derived
bottle-neck sizes from literature and evaluate whether the subset of learned di-
mensions is sufficient to represent or reproduce the data. These results show that
the FID scores of the ARD-VAE are better than the baseline VAE except for
the CelebA dataset (slightly higher). Though the WAE’s reconstructed samples’
FID score is low for the MNIST and CelebA datasets, the FID score for the
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generated samples is high for all the datasets [5]. The WAE-MMD ignores the
higher order moments in matching distributions [6], possibly leading to holes in
the encoded distribution and resulting in higher FID scores. The RAE performs
well across multiple datasets under different scenarios, conceivably due to the use
of aggregate latent distribution to generate samples [43, 3]. However, the learned
representations cannot be readily used for subsequent statistical analysis, such
as the disentanglement analysis and outlier detection [36], due to the lack of
structure in the latent representations.

The MaskAAE and GECO-Ly-ARM-VAE, which are designed to find the rel-
evant axes to represent a dataset using DLVMs, have failed, using this encoder-
decoder architecture, to learn the data distribution, as indicated by significantly
high GEN-FID scores relative to other methods. This result may signal issues
about the generalization of those formulations and sensitivity to the hyperpa-
rameter tuning relative to different architectures and datasets (as will be further
examined in the following analysis). The number of relevant (or /ACTIVE) di-
mensions estimated by the GECO-Ly-ARM-VAE are sufficient to produce rea-
sonably good reconstructed samples, indicated by comparable REC-FID scores.
However, using this encoder-decoder architecture, it failed to map samples to the
prior distribution, N (0,1I), in the latent space. In contrast, the number of rele-
vant dimensions estimated by the MaskAAE collapsed for the complex datasets,
such as the CelebA and CIFAR10. We have tuned the hyperparameters of the
MaskAAE over a series (i.e., dozens) of experiments, and no better results could
be obtained. The number of hyperparameters corresponding to different reg-
ularization losses added to the AAE loss, associated with a complex training
recipe, makes the tuning of the MaskAAE difficult. Compared to the MaskAAE
and GECO-Lo-ARM-VAE, the ARD-VAE could find the relevant dimensions
required to model the data distribution, supported by favorable (i.e., the best or
nearly best) FID scores. Both the GECO-Lo-ARM-VAE and ARD-VAE have a
single hyperparameter. The values of 7 and £ in GECO-Ly-ARM-VAE and ARD-
VAE, respectively, are set such that the reconstruction losses across datasets are
comparable to other methods. This experiment demonstrates the ability of the
ARD-VAE to find relevant axes and learn the data distribution.

Sensitivity of 8 to the Initial Bottleneck Size L in the ARD-VAE:
In real applications, we would not know the intrinsic dimension of a dataset.

Table 1. The FID scores of the reconstructed (REc-FID) and generated samples
(GEN-FID) along with the number of latent dimensions (ACTIVE) used by the com-
peting methods. The best FID score is in bold and the second best score is underlined.

MNIST (L = 16) CelebA (L = 64) CIFARIO (L = 128)

ACTIVE Rec-FID | GeN-FID | ACTIVE Rec-FID | GEN-FID | ACTIVE Rec-FID | GEN-FID |

VAE 16 26.45+0.23 2878 +0.48 64 41.98 £0.33  49.89 & 0.57 128 136.21 £ 1.18 147.74 £ 0.81
B-TCVAE 16 48.46 £ 0.83  50.62 4 1.19 64 43.37+0.62 50.14 £ 0.78 128 172.87+£1.70 180.94 £1.16

RAE 16 7.98+0.22 18.79+0.31 64 39.86 £ 0.64 48.81+1.02 128 53.76 £0.59 94.34 £ 1.58

WAE 16 9.86 +0.19 25.42+1.19 64 40.79 £ 0.16  72.01 & 2.26 128 66.18 £1.16 140.49 + 0.64
GECO-Lo-ARM-VAE 10.00+1.10 8.76 £1.13 304.75 £64.29 35.60 £3.07 42.28+0.8 294.97+28.45 68.0042.97 92.33 +2.83 320.75 £ 45.09
MaskAAE 9.80 & 1.60 143.80 4 47.73 144.92 +16.80 5.4 £0.80 343.57 £ 34.00 333.40 £10.91 3.80 4 0.40 394.26 & 34.27 298.30 £ 8.44

ARD-VAE 12.80 £0.40 17.50£0.23 2224 +0.57 4520 £0.40 45.65+0.25 52.354+0.52 10580+ 1.33 59.68+2.21 87.56 + 1.21
ARD-VAE—2L! 12.60 £0.49 17.53+£0.10 22.30£0.33 48.60£0.80 46.72+0.34 53.86+0.68 116.40£3.72 59.89 +7.58 86.50 +1.43

! The initial dimension of the ARD-VAE—2L is two times L (the initial dimension used by all the methods).
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Table 2. The number of active dimensions (ACTIVE) discovered by the ARD-VAE and
the FID scores of the generated samples (GEN-FID). The lowest bottleneck dimension
is specified by L and is increased as multiples of L.

L 2L AL 8L
Active  GEN-FID | Active  GEN-FID | Active  GEN-FID | ACTIVE GEN-FID |
MNIST (L =16) 12.80 £0.40 22.24 +0.57 12.60 £0.49 22.30 +0.33 12.40 +0.49 22.31 £0.58 12.20 +0.40 22.59 & 0.26
CIFAR10 (L = 64) 60.40 & 0.49 104.03 & 1.33 105.80 & 1.33 87.56 + 1.21 116.40 & 3.72 86.50 + 1.43 117.80 + 15.04 87.88 +1.8

Table 3. The FID scores of the gener-

ated samples (GEN-FID) using the ac- Table 4. The number of the active dimen-
tive dimensions (AcTIVE) identified by the sions (AcTIve) and FID scores of the gener-
MaskAAE and ARD-VAE when trained us- ated samples (GEN-FID) of the GECO-Lo-
ing the neural network architectures used in ARM-VAE and ARD-VAE using the neural
the MaskAAE [26]. network architectures used in the GECO-
Lo-ARM-VAE [4].

MaskAAE ARD-VAE
Active  GEN-FID | Active  GEN-FID |
MNIST(L = 16) 9.80 £2.23 21.35+0.70 8.0+£0.0 21.74+0.49 GECO-Lo-ARM-VAE ARD-VAE
MNIST(l = 32) 11.40+£2.65 21.74+£3.77 7.8+0.4 20.32+0.96 ActivE  GEN-FID | Active  GEN-FID |
CIFAR(L = 256)" NA NA 60.4 +10.89 94.86 +2.68 MNIST(L = 16) 9.00 £ 1.41 64.05£5.31 14.60 + 0.49 34.45 + 0.82

! The MaskAAE collapsed all the dimensions for the CIFAR10 dataset MNIST(L = 32) 18.2 £ 2.93 93.62 + 2249 15.60 £0.49 34.15+1.15
after 20 epochs. Thus, we skip the evaluation of the MaskAAE for
the CIFAR10 dataset.

Thus, the interesting use case of this methodology is to start with a relatively
high-dimensional latent space and let the algorithm /training find the relevant di-
mensions required to model a particular dataset. For a given latent space size, the
hyperparameter 5 of the ARD-VAE is regulated to achieve an approximate re-
construction loss. Under this scenario, it would be interesting to examine whether
the value of 3 is dependent on the latent space’s initial size. To understand this
phenomenon, we devised an experiment where we fix 8 (for a dataset and an
autoencoder architecture) and vary the size of the latent space. We evaluate the
ARD-VAE for the number of estimated relevant dimensions and the FID scores
of the learned data distribution for the MNIST and CIFAR10 datasets. The re-
sults in Table 2 indicate that the hyperparameter 5 of the ARD-VAE is agnostic
to the initial size of the latent space, in general. For the CIFAR10 dataset, when
the initial dimension is L = 64, the ARD-VAE finds almost all the latent axes
relevant (= 61). This result shows that the initial bottleneck size of L = 64 is
insufficient to represent the complex CIFAR10 dataset. The number of relevant
dimensions (= 110) estimated for L = {128,256,512} corroborates our hypoth-
esis that L should be > 64 to represent the complex CIFARI10 dataset. The
insensitivity of 8 to L is also observed in the performance of the ARD-VAE—2L
in Table 1, where we use the same § as in ARD-VAE for all the datasets.
Performance of the ARD-VAE across Neural Network Architec-
tures: For the encoder-decoder architecture used in Table 1, we have observed
that the MaskAAE and GECO-Lyp-ARM-VAE could not produce comparable
results. This is possibly due to the sensitivity to the neural network architecture
and related hyperparameter settings. To understand the dependency of these
methods on the architectures and optimization settings used by the authors, we
ran these methods to reproduce the results reported in the papers associated
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Table 5. Disentanglement scores of competing methods trained with 5 different seeds
on multiple datasets (higher is better). ACTIVE indicates the number of the latent
dimensions used by different methods. The best score is in bold and the second best
score is underlined.

METHOD DSPRITES 3D SHAPES
FacTorVAE METRIC T MIG 1 ActivE  FacTorVAE METRIC T MIG 1 AcCTIVE

VAE (L = 6) 64.78 £ 8.05 0.06 4+ 0.02 6.00 £ 0.00 55.85 + 8.89 0.134+0.15 6.00 £ 0.00
B-TCVAE (L = 6) 75.55 + 3.52 0.20 4 0.06 6.00 £ 0.00 75.51 4+ 12.84 0.40 4 0.22 6.00 £ 0.00
DIP-VAE-I (L = 6) 59.47 £+ 2.76 0.05 4 0.03 6.00 £ 0.00 51.94 +1.91 0.06 & 0.02 6.00 £ 0.00
DIP-VAE-II (L = 6) 60.70 £+ 10.97 0.08 £0.04 6.00 £ 0.00 63.66 & 11.26 0.24 4+ 0.18 6.00 £ 0.00
RAE (L = 6) 64.21 £ 6.69 0.04 4+ 0.01 6.00 £ 0.00 53.57 +13.14 0.03 4+ 0.02 6.00 £ 0.00
ARD-VAE (L = 10) 63.37 +11.81 0.22 +0.09 5.80 + 0.40 79.26 + 9.31 0.52 + 0.25 6.40 +0.49

with those methods. In table 3, we report the performance of the MaskAAE
and ARD-VAE using the network architectures proposed by the authors in [26].
In table 4, the encoder-decoder architecture reported in [4] is used to train the
GECO-Lo-ARM-VAE and ARD-VAE.

In table 3, the FID scores of the samples generated by the MaskAAE for
the MNIST dataset ! are close to the scores of other methods in Table 1. These
results demonstrate the efficacy of MaskAAE with the proper choice of neural
network architecture, hyperparameters, and optimization strategy. Despite that,
we could not train the MaskAAE on the CIFAR10 dataset using the architec-
ture and hyper-parameter settings reported by those authors; for the CIFAR10,
the MaskAAE collapsed all the latent dimensions. In contrast, we could suc-
cessfully train the ARD-VAE on both the MNIST and CIFARI10 by finding a
reasonable value for the 8 (without excessive fine-tuning) that produces good
reconstruction.

From the results reported in Table 4, we observe that the relevant dimensions
estimated by the GECO-Lo-ARM-VAE are sensitive to the size of the initial
latent dimension, L, even with a fixed 7 (target reconstruction loss used in [4]).
However, the estimated ARD-VAE for a fixed § is indifferent to L and estimates
almost the same number of relevant dimensions. Moreover, the ARD-VAE does
better in learning the data distribution (i.e., lower FID scores). Relatively higher
FID scores using this architecture for the MNIST dataset are likely due to the
use of non-trainable upsampling layers in the decoder.

Interpretation of the Relevant Axes Discovered by the ARD-VAE:
It is desirable that the relevant axes identified by VAEs encode meaningful infor-
mation and represent, to some degree, relevant generative factors for a particular
dataset. To evaluate this property, we refer to disentanglement analysis, an eval-
uation approach that penalizes a method when the representations along an axis
do not correspond to a generative factor. In addition to the baseline VAE and
RAE (which produces good FID scores in Table 1), we consider SOTA VAEs [16,
41], which are explicitly designed to produce disentangled latent representations
in our analysis. For all the competing methods, except the ARD-VAE, the size
of the latent space (L = 6) is set to the number of the known latent factors of

! The FID scores found in this study, using an online version of the authors’ code, are
higher than the those reported in [26].
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the DSprites [25] and Shapes3D [2] dataset — a significant advantage, which
would not be available in most applications. We follow the encoder-decoder ar-
chitectures and training strategies used in [19] for all the methods.

From the analysis reported in Table 5, we observe that the ARD-VAE pro-
duces the best disentangled representation for the Shapes3D dataset when evalu-
ated using both metrics. The precise identification of the true generative factors
by the ARD-VAE for this dataset helps achieve such scores. For the DSprites
dataset, the ARD-VAE accurately estimates the number of hidden explanatory
factors. Moreover, the best MIG score indicates that the representations learned
by the relevant axes are not entangled relative to other methods. The FactorVAE
metric score does not penalize a method if a ground truth factor is represented
by multiple latent axes, unlike the MIG. Thus, we observe a low MIG score in
many scenarios for methods with a relatively high score for the FactorVAE met-
ric, such as the VAE, DIP-VAE, and RAE. Though the RAE does a reasonable
job of learning the data distribution (in Table 1), the learned latent represen-
tations are not disentangled, as indicated by low scores. The performance of
the DIP-VAE is often poorer than the baseline VAE despite being designed to
learn disentangled representations. Among the different variants of the VAE, the
B-TCVAE produces results comparable to the ARD-VAE.

5 Conclusion

In this work, we present a Bayesian approach to determine the relevant axes
in the VAE using a hierarchical prior without deviating from and adding any
regularization loss to the ELBO formulation. Unlike other relevancy detection
methods for DLVMs [26,4], the ARD-VAE is resilient to the choice of neural
network architectures. The performance of the ARD-VAE is impervious to the
size of the latent space and can scale to high dimensions (= 500). The ARD-VAE
effectively models the distribution of multiple benchmark datasets, and the iden-
tified latent dimensions represent generative factors explaining the variability in
the data.
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1 Algorithms

Algorithm 1 Produce D, using the training subset X4

Input: X,

Output: D,

Initialize Dy < ¢.

for x € X, do
p,x/,o'i, — E¢(x/)
z/ — Uy teEQOo
D, + D,Uz

end for

Table 1. Encoder and decoder architectures used by all the methods for the MNIST,
CelebA and CIFARI10 datasets [9, 3].

MNIST CelebA CIFAR10
Encoder: x € R¥Z3ZXT x € REPXOIX3 x € R¥2X32%
Conv64 — BN — RELU Conv64 — BN — RELU Conv128 — BN — RELU
Conv128 — BN — RELU Conv128 — BN — RELU Conv256 — BN — RELU
Conv256 —+ BN — RELU ConNv256 — BN — RELU Conv512 -+ BN — RELU
Conv512 — BN — RELU Conv512 — BN — RELU Conv1024 — BN — RELU
FLATTEN2x2x512 — FCrx16 — NONE FLATTENixaxs512 — FCrxes — NONE FLATTEN2yx2x1024 — FCrx12s — NONE
Decoder: 2 € R — FCayxaxsi2 z € R% = FCsxsxs12 z € R — FCsxsx1024
TransCoNv256 — BN — RELU TraNsCoNV256 — BN — RELU TransCoNv512 — BN — RELU
TraNsCoNV128 — BN — RELU TraNsCoNv128 — BN — RELU TrAaNsCoONV256 — BN — RELU
TransConv64 — BN — RELU TransCoNv64 — BN — RELU TrANSCONV3 — SIGMOID
TraNsCoONV1 — SIGMOID TrANSCONV3 — TANH

2 Experimental Settings

In the neural network architectures reported in Table 1, 2, CONvn and TRANSCONVR
define convolution and transpose convolution operation, respectively, with n fil-
ters in the output. We have used 4 x 4 filters for all the datasets. The transpose
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Algorithm 2 : ARD-VAE training
Input: Training samples X', Number of epochs the D, should lag up,, Scaling factor
B
Output: Encoder and decoder parameters, ¢ and 0
Split X into training, X'trqin, and validation data, X4
Choose a subset X at random from X¢rqin
Initialize SGD samples X g9 = Xtrain — X
Initialize ¢ and 6
Initialize epoch index e +— 0
for number of epochs do
if e mod up, then
Choose a new subset of the training data X«
Update SGD samples, Xsga = Xtrain — Xa
Update D, with the samples produced by the algorithm 1 using the update X o
Update by, using the latest D,
end if
for number of minibatch updates do
Sample a minibatch from X4
Update ¢ and 0 by optimizing the ARD-VAE objective function
end for
e<—e+1
Shuﬂie ngd
end for

convolution filters use a stride size of 2 except for the last layer of the decoders
used in the CelebA and CIFAR10 datasets. We represent the fully connected
layers as FCgyx,, with k X n nodes, where k = 1 for all the methods, except the
VAE and S-TCVAE that use k = 2. Activation functions used in the networks
are ReLU (RELU), Leaky ReLU (LRELU), sigmoid (S1GMOID), and hyperbolic
tangent (TANH). Input is in the range [0,1] for all the datasets except CelebA,
for which the input is mapped to the range [—1,1]. The encoder-decoder archi-
tectures of the MaskAAE [8] and GECO-Ly-ARM-VAE [2] are obtained from
the respective papers.

We use the Adam optimizer in all experiments (learning rate set to 5e — 04)
with a learning rate scheduler (ReduceLROnPlateau) that reduces the learning
rate by 0.5 if the validation loss does not improve for a maximum of 10 epochs
except the MaskAAE and GECO-Lj-ARM-VAE due to their sensitivity in op-
timization of the trainable parameters. Moreover, the MaskAAE uses a specific
training recipe. All the methods are trained for 50, 50, and 100 epochs for the
MNIST, CelebA, and CIFAR10 datasets, respectively, with a few exceptions for
the MNIST dataset. The VAE, 5-TCVAE, GECO-Lo-ARM-VAE, and MaskAEE
are trained for 100 epochs for the MNIST dataset as it improved the model per-
formance. In the disentanglement analysis, all the methods are trained for 35
and 60 epochs [6] for the DSprites and 3D Shapes datasets, respectively.

We use a batch size of 100 for training all the methods, except the MaskAAE,
which is trained using a batch size of 64 (to maintain consistency with their



Appendix to the ARD-VAE 3

Table 2. Encoder and decoder architectures used by all the methods for the DSprites
and 3D Shapes datasets [4, 6].

DSprites 3D Shapes
Encoder: x € R64><64><1 x € R64><64><3
ConNnv32 — RELU ConNnv32 — RELU
ConNnv32 — RELU ConNnv32 — RELU
Conv64 — RELU Conv64 — RELU
CoNnv64 — RELU ConNnv64 — RELU
FLATTEN4x4x64 — FCrxs — NONE FLATTEN4x4x64 — FCrxs — NONE
Decoder: 7z € R® = FCuxaxea z € R® = FCyxaxea
TransConNv64 — RELU TransConv64 — RELU
TraNsConv32 —+ RELU TrANSCoNV32 — RELU
TransCoNV32 — RELU TrRAaNsConNV32 — RELU
TrANSCoONV]1 — NONE TRANSCONV3 — SIGMOID

implementation). All the hyperparameters of the MaskAAE are set according
to the GitHub repo in https://github.com/arnabkmondal/MaskAAE for all the
datasets. We have tuned the hyperparameters of the MaskAAE over a series
(i.e., dozens) of experiments, and no better results could be obtained. For the
GECO-Ly-ARM-VAE, we have used the code shared by the authors [2]. Only the
target reconstruction loss (7) in GECO-Lo-ARM-VAE was the hyperparameter
in our analysis. For the DIP-VAE-I and DIP-VAE-II, we have followed the sug-
gested hyperparameters in the paper [5]. For the S-TCVAE, we have empirically
determined the strength of the regularization loss for different data sets as we
could not find them in the literature. We set 8 = 2 for the MNIST, CelebA, and
CIFARI10 data sets as higher (3 resulted in poor reconstruction. Table 3 reports
the specific hyperparameters for different methods. The up, in the algorithm 2
is set to 1 and | X |= 10K for all the datasets studied in this work.

3 Results

Ablation Study on the Size of X, : In this analysis, we study the ef-
fect of the number of samples in X, on the performance of the ARD-VAE in

Table 3. Optimization settings for different methods.

Method Parameters MNIST CelebA CIFAR10 DSprites 3D Shapes
B-TCVAE 5 2 2 2 5 5

DIP-VAE-I (Mod, Ad): NA NA NA (10,100) (10, 100)

DIP-VAE-II (Aods Ad): NA NA NA (10,10)  (10,10)
WAE RECONS-sCALAR:  0.05 0.05 0.05 NA NA
WAE B: 10 100 100 NA NA

RAE B le—04 le—04 1le—03 1le—04 1le—04

RAE DeEc-L2-ReGc:  1le—07 le—07 1le—06 1le—06 1le—06
GECO-Lo-ARM-VAE T 10.0 300.0 25.0 NA NA

ARD-VAE B: 0.5 3.0 0.05 5.0 5.0
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Table 4. The number of active dimensions (ACTIVE) discovered by the ARD-VAE and
the FID scores of the generated samples (GEN-FID).

[Xo |= 2K [Xe |= 5K [Xo |= 10K [Xo |= 20K

AcTtive GEN-FID | ActivE GEN-FID | Active GEN-FID | AcTtive GEN-FID |
MNIST (L = 32) 13 21.83 12 22.04 13 22.13 13 24.12
CIFARI10 (L = 256) 116 85.15 114 85.65 112 85.99 112 86.83

terms of the number of relevant/active dimensions identified and FID score of
the generated samples. Different settings of | X, | considered in this study are
| Xo |= {2K,5K,10K,20K}. The ARD-VAE is trained on the MNIST and
CIFARI10 datasets with L = 32 and L = 256, respectively. We have used the
neural network architecture in Table 1 and followed the optimization strategies
discussed in the section 2. We use the hyperparameter S as reported in Table 3.
Compared to other results reported in the results section, the network parame-
ters are initialized using a single seed, as we did not observe much variation in
the performance of the ARD-VAE with different random seeds.

From the results reported in Table 4, we observe negligible variation in the
number of relevant dimensions estimated by the ARD-VAE with the size of X'
and there is almost no variation in the FID scores of the generated samples for
both datasets. Thus, the performance of the ARD-VAE is not affected by the
number of samples in X,.

The ARD-VAE is trained in an unsupervised framework having access to a
large amount of data, and it is good to have a representative set that captures
the variations in the dataset. Thus, we choose | X, |= 10K as a general setting
for any random dataset that uses the ARD-VAE.

Relevant axes for the VAE using the Jacobiab: In this experiment we
estimate the importance of the latent axes of a trained VAE using 1.

D | N
We = ZNZHMF’ (1)
k=1 i=1
where J = L?;( e 88;} € RP*L is the Jacobian matrix.
1 L

Table 5. The FID scores of the reconstructed (REc-FID) and generated samples
(GEN-FID) along with the number of latent dimensions (ACTIVE) used by the com-
peting methods. The best FID score is in bold and the second best score is underlined.

MNIST (L = 16) CelebA (L = 64) CIFARI10 (L = 128)
AcCTIVE Rec-FID | GEN-FID | ACTIVE Rec-FID | GEN-FID | AcCTIVE Rec-FID | GeN-FID |

VAE 10.20 £0.40 27.38+£0.26 29.33+£0.41 55.20£0.40 44.104+0.37 50.794+0.64 26.40 +0.49 143.83 +2.54 155.13 + 1.45
B-TCVAE 740+0.49 49214040 51.354+0.95 51.40+0.49 46.21£0.51 51.61+£0.76 16.20+0.40 178.47+3.10 186.03 £+ 1.82
RAE 16.00+£0.00 7.98+0.22 18.85+0.43 63.00£0.00 40.06 +0.68 49.06 +1.16 125.00 £ 0.00 54.71 +£0.58 92.66 £ 1.61
WAE 16.00+£0.00 9.86+0.19 24.78 £0.77 63.00£0.00 41.254+0.22 61.18 £1.60 127.00£0.00 67.00+1.07 136.79 +1.35
GECO-Lo-ARM-VAE 10.00+1.10 876+ 1.13 304.75 + 64.29 35.60 + 3.07 28+ 0.8 294.97+£28.45 68.004+2.97 92.33 +2.83 320.75 £ 45.09
MaskAAE 9.80 £ 1.60 143.80 £ 47.73 144.92 £ 16.80 5.4 £0.80 343.57 +34.00 333.40 +10.91  3.80 £ 0.40 394.26 + 34.27 298.30 £ 8.44
ARD-VAE 12.80 £0.40 17.50£0.23 2224 +0.57 45.20£0.40 45.65+0.25 52.35+0.52 105.80+1.33 59.68+2.21 87.56+1.21

ARD-VAE—2L' 12,60 £0.49 17.53+£0.10 22.30£0.33 48.60+0.80 46.72+0.34 53.86 +0.68 116.40+3.72 59.89 + 7.58 86.50 + 1.43

! The initial dimension of the ARD-VAE—2L is two times L (the initial dimension used by all the methods).
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Fig. 1. Latent traversal of the DSprites data set [7] in the range [—30, 30] using the
relevant axes discovered by the ARD-VAE. The latent factors are mentioned in the
left column. All latent factors are represented by independent latent axes with slight
entanglement of Shape and Position Y. The MIG score for this model is 0.35

To get a reliable estimate of the weight vector ws using 1, we compute the
Jacobian for multiple data samples, which is typically the size of a minibatch
(100) in this work.

This estimate is used to determine the relevant axes for the VAE, -TCVAE,
RAE, and WAE and the selected axes are used for model evaluations as shown
in Table 5. The relevant dimensions of the VAE and S-TCVAE are less than
the initial dimension L for the MNIST and CelebA dataset with comparable
estimates of the FID scores. However, similar to the GECO-Lyo-ARM-VAE and
MaskAAE, majority of the dimensions collapses for the complex CIFAR dataset.
This experiment demonstrates the robustness of the proposed ARD-VAE across
different evaluation scenarios. There is no change in the number of active latent
dimensions from L for the RAE and WAE as both methods match aggregate
posterior distributions, unlike VAEs.

Object hue |- “"L(_‘]L —HL L!jL .]L.-!L ‘]L ..."L ‘]L‘IL t!L “L“L‘!Li’L.‘thLt’l_.’
Fler v i e G Ry R R &7 R @ - e e e i
e B R R R R S SR SR S SRR SRR SRR Rl
Scale |- ,.’L .’L "L -}L .’L-]L "L_“L .!L I]L "L hL.aLhL.aLthLth
Shape | ‘]L ‘!L ‘!L‘]L.]Ll!L !!L ‘]L,.]L ..]L ..]L '1[, ‘:L ._!L l!L ‘!L ‘![, l}l‘j
e Sl S S Sl S Sl S S SR S S B S o o o
Fig. 2. Latent traversal of the 3D Shapes data set [1] in the range [—30, 30] using the
relevant axes discovered by the ARD-VAE. The latent factors are mentioned in the left

column. All latent factors are represented by independent latent axes with almost no
overlap between them. The MIG score for this model is 0.84
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